
Generating Connectivity Graphs in the Quantum Optical
Frequency Comb Using a Frequency Beam Splitter

Jacob Higgins

July 2019

Contents

1 Introduction 2

2 Background 4
2.1 Quantum Harmonic Oscillator . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Quantum Optics Operators and States . . . . . . . . . . . . . . . . . . . . . . . . 5
2.3 Heisenberg Picture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.4 Beam Splitter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.5 Squeezing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.6 Adjacency Matrix Z . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 Electro-Optical Modulator 14
3.1 Classical Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.2 Quantum Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

4 Connectivity Graphs using an EOM 21

5 Conclusion 25

A Construction of the Dual-Rail Cluster State 27
A.1 Ordering of Symplectic Matrices in the Heisenberg Picture . . . . . . . . . . . . . 27
A.2 Application to the Dual-Rail Cluster State . . . . . . . . . . . . . . . . . . . . . . 28

B Mathematica Code 30

1



1 Introduction
Quantum computing seeks to use algorithms based on quantum mechanics to provide greater
speeds on select problems over classical algorithms. These problems include factorizing prime
numbers (Shor‘s algorithm) [14] and simulating quantum systems (Richard Feynman) [9], both of
which offer an exponential speed up over their classical counterparts, and searching an unsorted
database (Grover‘s algorithm) [2], which offers a quadratic speed up.

Since quantum computing is relatively new, many different methods of implementing quantum
algorithms have been developed. The most widely known is circuit-based quantum computing,
and borrows much of its foundations from Boolean logic circuits. In circuit-based quantum com-
puting, information is stored into quantum bits (qubits) that have a binary Hilbert basis, |0〉 or |1〉.
Manipulating an ensemble of qubits usually involves either unitary operations (i.e. time evolu-
tion), measuring all qubits/a subset of qubits, or both. Circuit-based quantum computing can be
implemented using super-conductors, trapped ions, cold atoms or even photons.

One major challenge of the circuit-based approach is how to implement different unitary gates.
In quantum mechanics, unitary evolution is governed by the Hamiltonian of the system, so pass-
ing an ensemble of qubits through a series of unitary gates means sequentially applying different
Hamiltonians to the system. This can quickly become complicated when constructing gates needed
for practical quantum algorithms. One solution to this problem is one-way quantum computing,
which is computationally equivalent to circuit-based quantum computing. The key difference is
that one-way quantum computing only requires (1) the ability of perform local measurements on
the ensemble and (2) a feed-forward mechanism to inform the algorithm based on the outcome of
previous measurements.

In order to perform one-way quantum computing, a special resource is needed, called a cluster
state [12]. This cluster state is a large network of entangled qubits, created using only one- and
two-qubit gates. Fig. 1 shows a typical cluster state. Information flows from left to right as
measurements are performed and fed forward to the algorithm.

Another method of quantum computing currently in development is continuous variable quan-
tum computing (CVQC) [11]. As the name suggests, CVQC stores and processes data using a
continuous Hilbert space, as opposed to the discrete Hilbert space of a qubit. One physical system
that can facilitate CVQC is quantum light, where algorithms are performed on the amplitude/phase
of different quantum frequency modes (qumodes). Developing different resources and algorithms
for quantum optical CVQC is the primary work for the Quantum Fields and Quantum Information
(QFQI) Group at the University of Virginia.

Using optical frequency combs, the QFQI group has created continuous-variable cluster states
of 60 qumodes in the frequency domain [5]. Other groups have created larger clusters in the
time domain [7]. Despite this fundamental difference in domain, the construction of these cluster
states (and most cluster states in CVQC, for that matter) share two similar steps: (1) some form
of bipartite entanglement is created and sent through (2) a balanced beam splitter to “mix” this
entanglement and produce a connected cluster state graph.

In the case for the QFQI group, bipartite entanglement is created using two-mode squeezing
in the frequency domain, in parallel on two linear and orthogonal polarizations: H and V . Both
polarizations are rotated by 45◦ and sent through a balanced, polarizing beam splitter. This action
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Figure 1: An algorithm being performed on a cluster state. Each node in the graph is a qubit.
Measurements are performed on columns of the cluster state one at a time, so that information is
processed from left to right. This diagram was taken from the original paper that proposed cluster
state quantum computing [12].

produces a cluster state formed across polarization and frequency.
The goal of this paper is to explore a promising alternative for the creation of cluster states.

This new scheme involves mixing bipartite entanglement using a “frequency” beam splitter that
acts only in the frequency domain, as opposed to spatial or polarized modes. Experimentally,
the frequency beam splitter action is accomplished using an electro-optical modulator, a well-
known optical device that can send energy from one frequency into one or more. This is a natural
direction of investigation for the QFQI group, since their focus is primarily in the frequency domain
as is. This paper aims to (1) establish a connection between the experimental implementation
of an electo-optical modulator and its quantum mechanical description, and (2) use the quantum
mechanical action of the EOM on bipartite entanglement to create small-scale connectivity graphs.

While investigating the action of electro-optical modulators in the creation of cluster states, a
small discrepancy was noted in a previous paper by the QFQI group detailing the creation of their
dual-rail cluster state [5]. Though the correct result was still obtained, the derivation is incorrect. In
the interest of completeness, Appendix A is dedicated to discussing this error and the importance
of (and confusion surrounding) evolution of operators in the Heisenberg Picture.
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2 Background

2.1 Quantum Harmonic Oscillator
The quantum harmonic oscillator is a canonical example in introductory physics because its Hamil-
tonian is fairly simple to write and can be solved analytically in terms of energy eigenstates. The
system’s complexity can also be reduced by the introduction of raising and lowering operators.
The purpose of this section is to refresh the reader on basic principles of the quantum harmonic
operator.

The Hamiltonian of the harmonic oscillator can be written as:

Ĥ =
1

2m
p̂2 +

mω2
0

2
x̂2 (2.1)

To simplify the math, the position and momentum operators are scaled into dimensionless
forms in Eq. 2.2 and 2.3 below.

X̂ ≡
√

mω0

h̄
x̂ (2.2)

P̂≡
√

1
h̄mω0

p̂ (2.3)

These new position and momentum definitions can be used to reformulate the Hamiltonian:

Ĥ =
h̄ω0

2
(
X̂2 + P̂2) . (2.4)

Eigenstates of the Hamiltonian form a discrete, infinite basis and are usually denoted by |n〉,
where n is a non-negative integer. Physically, n is interpreted as the number of phonons the energy
eigenstate contains; |0〉 is the ground state of the harmonic oscillator.

Special operators may be defined in terms of X̂ and P̂:

â =
1√
2

(
X̂ + iP̂

)
, (2.5)

â† =
1√
2

(
X̂− iP̂

)
. (2.6)

These operators are not Hermitian, and therefore not observable. Nevertheless, their value
comes from their action on energy eigenstates:

â |n〉=
√

n |n−1〉 , (2.7)

â† |n〉=
√

n+1 |n+1〉 . (2.8)

Due to these properties, â and â† are called the lowering and raising operator, respectively.
Their commutator can easily be shown to be:
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[
â, â†

]
= 1. (2.9)

This immediately follows from the canonical commutation relation with the scaled position
and momentum operators,

[
X̂ , P̂

]
= i.

The Hamiltonian may be reformulated to include these new operators:

Ĥ = h̄ω0

(
â†â+

1
2

)
. (2.10)

In the above equation, N̂ := â†â can define the “number” operator that returns the number of
elementary excitations an energy eigenstate has.

2.2 Quantum Optics Operators and States

In quantum optics, the electric field Ê is a physical quantity that can be written as an observable
that acts on a quantum state [6]. The derivation is involved, but the result is that an oscillating
mode (defined by frequency, wave-vector direction, and polarization) in quantum optics may be
regarded as a harmonic oscillator, whose elementary excitation is the photon. The electric field
may be written in terms of two conjugate operators Q̂ and P̂, that give the value of the electric field
at one point in time (Q̂, say) and π/2 later in oscillation (P̂, say). These operators take the place of
position X̂ and momentum P̂, and are called the amplitude and phase operators, respectively [16].

The Hamiltonian of a quantum optical system shares the same form as Eq. 2.4:

Ĥ =
h̄ω

2
(
Q̂2 + P̂2) . (2.11)

Here, ω is the frequency of the quantized light. Due to the similarity between 2.4 and 2.11, we
can also introduced raising and lowering operators for the quantized fields:

â =
1√
2

(
Q̂+ iP̂

)
, (2.12)

â† =
1√
2

(
Q̂− iP̂

)
. (2.13)

As before, these ladder operators can be used to reformulate the Hamiltonian:

Ĥ =
h̄ω

2
(â†â+

1
2
), (2.14)

= h̄ω

(
N̂ +

1
2

)
. (2.15)

These operators act on energy eigenstates |n〉 (refered to as Fock states), and have the same
properties as Eq. 2.7 and 2.8. Whereas n represented phonon number for the harmonic oscillator,
n represents photon number in quantum optics.

5



There are several states of note when working with quantum optics, but only two will be
touched on in the interest of brevity. The first is the vacuum state, |0〉. The expectation value
of Q̂ and P̂ are simply 〈0|Q̂|0〉= 〈0|P̂|0〉= 0. Their standard deviations, however, are non-zero:

∆Q̂ =

√〈
Q̂2
〉
−
〈
Q̂
〉2

=
1√
2
, (2.16)

∆P̂ =
1√
2
. (2.17)

In fact, because the amplitude and phase operators are conjugate operators, they are subject to
the Heisenberg uncertainty principle:

∆Q̂∆P̂ =
1
2
. (2.18)

Second is the coherent state, |γ〉, where γ is a complex number in general. Coherent states are
considered the closest quantum description of classical light, with the |γ| and Arg[γ] interpreted
as the amplitude and phase of the classical light, respectively. There are a couple useful ways a
coherent state may be written:

|γ〉= e−
|γ|2

2

∞

∑
n=0

γn
√

n
|n〉 , (2.19)

= eγ â†−γ∗â |0〉 , (2.20)

= e−
|γ|2

2 eγ â† |0〉 (2.21)

2.3 Heisenberg Picture
In most applications of quantum optics, the Heisenberg picture is often easiest to work with. This
is because the input states of many of these systems are Fock states or coherent states. By tracking
time evolution through the operators and not the states, applying potentially complicated operators
to simple states is often easier than applying simple operators to complicated states. Also, as
noted by Sakurai [13], using the Heisenberg picture often lends to interpretations of quantum time
evolution that align with classical evolution.

Derivation of the Heisenberg picture is easiest from the Schrödinger picture. Suppose at time
t0 a state |ψ0〉 is subject to a time-independent Hamiltonian Ĥ. The evolution of the state can be
tracked through the usual propagator:

|ψ(t)〉= Û(t, t0) |ψ0〉 , (2.22)

Û(t, t0) = e−
i
h̄ Ĥ(t−t0) (2.23)
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Any physical interpretation involves taking the expectation value of some observable A1:

〈A〉= 〈ψ(t)|A|ψ(t)〉 ,
= 〈ψ0|U(t, t0)†AU(t, t0)|ψ0〉 ,
≡ 〈ψ0|A(t, t0)|ψ0〉 .

Assuming t0 = 0, this new operator A(t) is how a general operator is defined in the Heisenberg
picture. The Heisenberg picture thus makes the same physical predictions as the Schrödinger
picture, but instead tracks time evolution through the operators, instead of the state.

Whereas states evolve under the Schrödinger equation in the Schrödinger picture, operators
evolve under Heisenberg equation in the Heisenberg picture:

ih̄Ȧ = [A,H] (2.24)

Note that Eq. 2.24 is only true for operators that are time-independent in the Schrödinger
picture.

As an example, consider the free-space Hamiltonian in Eq. 2.22. From solving the Heisenberg
equation, the evolution of several different operators can be found:

Q(t) = cos(ωt)Q0 + sin(ωt)P0, (2.25)
P(t) =−sin(ωt)Q0 + cos(ωt)P0, (2.26)

a(t) = e−iωta0, (2.27)

a†(t) = eiωta†
0. (2.28)

There are two things to note here. First, because Q and P are defined and evolve π/2 out of
phase with one another, they are also called amplitude quadrature and phase quadrature, respec-
tively. Second, the evolution of a†(t) can be found by simply taking the evolution of a(t) and
taking its conjugate transpose.

2.4 Beam Splitter
In classical optics, the beam splitter is a device that has two input ports and two output ports.
Light incident on the inputs are partially reflected and transmitted, allowing two separate beams to
interfere with one another spatially. Quantum mechanically, the Hamiltonian for the beam splitter
can be written as:

H = h̄κ

(
a†b+ab†

)
(2.29)

Here, a and b are annihilation operators that correspond to the two different input ports of the
beam splitter. More rigorously, they are two distinct modes defined by different direction of the

1Notationally, the rest of this section will drop the “hat” when denoting operators; all operators will be clearly
defined and apparent from context.
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wave vector~k that interfere when passed into a beam splitter. Using the Heisenberg equation (Eq.
2.24), the evolution of these operators can be shown to be:(

a(t)
b(t)

)
=

(
cosκt −sinκt
sinκt cosκt

)(
a0
b0

)
(2.30)

The “interaction time” of a beam splitter is the time it takes the light to propagate through the
beam splitter. Hence, the parameter κt is taken to match the physical performance of the beam
splitter. In the case of 50:50 beam splitting, κt = π/4:(

a
b

)
=

1√
2

(
1 −1
1 1

)(
a0
b0

)
(2.31)

Because this matrix is real, the transformation matrix for the Q quadrature can immediately be
written down: (

Qa(t)
Qb(t)

)
=

1√
2

(
1 −1
1 1

)(
Qa0
Qb0

)
. (2.32)

Looking at Eq. 2.32, the quantum mechanical treatment of the beam splitter is similar to the
classical model: the output fields (operators) are linear combinations of the input fields (operators),
allowing for interference of the classical (quantum) light. This transformation is unitary, as to
conserve energy.

2.5 Squeezing
Consider the following Hamiltonian [1]:

H = ih̄
β

2

(
a†2−a2

)
. (2.33)

Physically, this Hamiltonian corresponds to parametric down conversion (PDC) of a high-
energy photon 2ω that is converted to two photons of frequency ω . This is achieved in experiment
by sending a pump laser of frequency 2ω into a non-linear material place inside an optical cavity,
with pump energy below threshold (to prevent lasing inside the cavity). It also captures the reverse
process, in which two photons of frequency ω are up converted into a 2ω frequency photon. Both
processes are non-linear optical effects. In the equation above, β is dependent on the amplitude of
the pump field at 2ω and the non-linear coefficient.

The Heisenberg equation (Eq. 2.24) can be used to show how the usual operators evolve under
this Hamiltonian:

Q(r) = Q0 er, (2.34)

P(r) = P0 e−r, (2.35)

a(r) = cosh(r)a0 + sinh(r)a†
0, (2.36)

a†(r) = sinh(r)a0 + cosh(r)a†
0. (2.37)
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Here, r ≡ β t is a scaled time parameter called the squeezing parameter.
Using these operators, the variances of the amplitude and phase operators can be found for

vacuum input:

∆Q(r) = ∆Q0 er =
1√
2

er, (2.38)

∆P(r) = ∆P0 e−r =
1√
2

e−r. (2.39)

As r increases, the variance in amplitude (phase) quadrature tends to increase (decrease). Note
that the Heisenberg uncertainty relation is still satisfied with Eq. 2.38 and 2.39. It is as if the uncer-
tainty is being “squeezed” out of the phase quadrature and placed into the amplitude quadrature.
For this reason, this process is called squeezing. The phase quadrature is said to be “squeezed”,
and the amplitude quadrature is said to be “anti-squeezed”.

At this point, only a single frequency mode has been considered (the pump frequency-halfed
mode). The phase quadrature of this single mode is squeezed, so a more precise name for this
process is single-mode squeezing. This is to distinguish it from two-mode squeezing (TMS), a
process that has a similar Hamiltonian:

H = ih̄β

(
a†b†−ab

)
. (2.40)

Here, a and b are the annihilation operators that correspond to distinct frequency modes ωa
and ωb, respectively. Physically, this Hamiltonian corresponds to the annihilation of a photon of
frequency ω = ωa +ωb and converted into two lower-energy photons, and also falls under the
umbrella of PDC.

The amplitude and phase quadratures are operators within Hilbert spaces defined uniquely
by frequency. For this reason, operators subjected to two-mode squeezing must be specified by
frequency. The evolution of amplitude and phase quadratures for this tensor-product Hilbert space
Ha⊗Hb are thus:

Qa(r) = cosh(r)Qa0 + sinh(r)Qb0, (2.41)
Qb(r) = cosh(r)Qb0 + sinh(r)Qa0, (2.42)
Pa(r) = cosh(r)Pa0− sinh(r)Pb0, (2.43)
Pb(r) = cosh(r)Pb0− sinh(r)Pa0. (2.44)

Again, r := β t. Two-mode squeezing is illuminated by taking linear combinations of these
modes:

Q+(r) = Qa(r)+Qb(r) = (Qa0 +Qb0)er = (Q+0)er, (2.45)

Q−(r) = Qa(r)−Qb(r) = (Qa0−Qb0)e−r = (Q−0)e−r, (2.46)

P+(r) = Pa(r)+Pb(r) = (Pa0 +Pb0)e−r = (P+0)e−r, (2.47)
P−(r) = Pa(r)−Pb(r) = (Pa0−Pb0)er = (P−0)er. (2.48)
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Figure 2: Experimentally generating squeezing. The eigenmodes of an optical cavity are shown
(vertical black lines) separated by the cavity’s FSR. The pump half-frequency ω0 lies on one of
these eigenmodes. The colored lines show the action of the non-linear crystal and the generation
of single-mode squeezing (for the central mode) and TMS around the central mode.

As is the case with single mode squeezing, the variances of the Q−(r) and P+(r) quadratures
tend to zero as the squeezing is increased. Note that in the limit ∆Q−→ 0, if one of the modes
were measured (Qa, say), knowledge of Qb can immediately be inferred since Qa = Qb in this case.
These are the continuous variable counterparts of the bell state 1√

2
(|0〉 |0〉+ |1〉 |1〉), which behaves

the same way (measuring one qubit immediately gives information about the other qubit) [8]. Just
as the bell state has been used in quantum information processing, so has two-mode squeezing
proved an invaluable resource for quantum algorithms in the continuous variable regime [10].

In experiment, TMS can occur over multiple modes at once. This is achieved by placing a
nonlinear crystal (second order nonlinear effects) inside an optical cavity, pumped below threshold
by light of frequency 2ω0. The optical cavity is engineered such that the eigenmodes lie sym-
metrically around the pump ω0. This is achieved either by having the central frequency ω0 on an
eigenmode (Fig. 2) or half-way between eigenmodes. In the former case, the central frequency is
subject to Eq. 2.33, and thus undergoes single-mode squeezing, signified by the self loop. Modes
on either side of this mode are subject to 2.40, and thus undergo TMS. If the pump is placed
half-way between eigenmodes, then only TMS will occur.

To take account of this simultaneous squeezing, it is convenient to define a matrix G using the
Hamiltonian for this process:

H = ih̄κ ∑
i, j

1
1+δi j

Gi j

(
a†

i a†
j −aia j

)
. (2.49)

The elements of G are either 0 or 1, meaning squeezing over modes is taken to be equal. All
non-zero diagonal elements of the G matrix (i.e. Gii=1) signify single-mode squeezing, whereas
non-zero off-diagonal elements signify TMS. By definition, G is also a symmetric matrix.

In the case of squeezing generated by a single pump, G will be a Hankel matrix with ones along
one skew diagonal and zeroes everywhere else. For the case of five modes, the G matrix will have
the form:
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G =


0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0

 (2.50)

In this case, modes 1&5 and 2&4 undergo TMS, while mode 3 (the only non-zero entry along
the main diagonal) undergoes single-mode squeezing.

2.6 Adjacency Matrix Z

As discussed in the introduction, a cluster state is the resource used in one-way quantum computing
for processing information. When working with cluster states, it is often more convenient to define
its nullifiers instead of the state itself. Nullifiers are Hermitian operators that, when acting on a
specific state, returns the zero eigenvalue:

ˆNull |ψ〉= 0 |ψ〉 . (2.51)

Nullifiers are especially useful because they can uniquely define a quantum state, if it is a
stabilizer state (i.e. its stabilizers form a group). So, instead of keeping track of the complicated
form a cluster state would take, one may simply keep track of its nullifiers in a Heisenberg picture
fashion.

To any N-mode Gaussian pure state |ψZ〉 a generalized adjacency matrix Z may be assigned
that describes its nullifers [3]: (

P̂−ZQ̂
)
|ψZ〉= 0 |ψZ〉 . (2.52)

Here, P̂ = (P1, . . . ,Pn)
T and Q̂ = (Q1, . . . ,Qn)

T are column vectors of the phase and amplitude
quadrature operators for n modes. In this context, P̂ and Q̂ are the Schrödinger picture operators
because the relation above is defined by a strict equality. Experimentally this kind of state is only
approximately obtainable. A more realistic expression is the following:(

P̂−ZQ̂
)
|ψin〉 → 0 |ψin〉 . (2.53)

Here, the operators P̂ and Q̂ are Heisenberg operators, and |ψin〉 is the input state. This state
approaches the zero vector in the limit of infinite squeezing. While in general complex, the ad-
jacency matrix must be real in the limit of infinite squeezing in order to construct a valid cluster
state2.

As the name suggests, the adjacency matrix naturally represents the nullifiers of |ψZ〉 in the
form of a graph whose N nodes represent the N physical modes of the system, and edges that
signify non-zero entries of the adjacency matrix. For example, suppose that |ψZ〉 had the following
adjacency matrix Z that described its nullifiers:

2If some component of Z approached an imaginary value in the limit of infinite squeezing, then the nullifier P̂−ZQ̂
would also have an imaginary component and would not be Hermitian, i.e. it would not be an observable.
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Figure 3: An example graph state associated with the adjacency matrix defined in the text. Nodes
represent quantum modes in experiment, and edges represent non-zero entries of the adjacency
matrix that define the nullifiers of the state.

Z =


0 1 0.5 1
1 0 1 0

0.5 1 0 0
1 0 0 0

 . (2.54)

Fig. 3 shows the graph state of this adjacency matrix.
For vacuum, Z = iI. This can be readily seen by considering Pj− iQ j = −i

√
2a j as the an-

nihilation operator acting on mode j. During experiment, the operators transform according to
the Heisenberg equation (Eq. 2.24). The adjacency matrix Z also transforms, but not in the same
way. Define x̂ = (Q1, . . . ,Qn,P1, . . . ,Pn)

T to be a column vector containing all amplitude and phase
quadratures. The action of a Gaussian unitary transformation may be represented as a 2n× 2n
symplectic matrix acting on x̂:

S =

(
A B
C D

)
. (2.55)

The resulting adjacency matrix Z′ can be found using a Möbius transformation [15]:

Z′ = (DZ +C)(BZ +A)−1 . (2.56)

For TMS acting on vacuum, the adjacency matrix may be written immediately in terms of the
G matrix defined in Eq. 2.49:

Z = ie−2rG. (2.57)

The situations considered in this paper only include G matrices that have ones along the skew
diagonal and zeros everywhere else:

G =

(
0 G0

G0 0

)
, (2.58)
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G0 =


0 0 . . . 0 1
0 0 . . . 1 0
... ... ...
0 1 . . . 0 0
1 0 . . . 0 0

 . (2.59)

In the case of an even number of modes, Eq. 2.57 simplifies to:

Zeven =

(
icosh2rI −isinh2rG0
−isinh2rG0 icosh2rI

)
. (2.60)

In the case of an odd number of modes, Eq. 2.57 simplifies to:

Zodd =

 icosh2rI 0 −isinh2rG0
0 ie−2r 0

−isinh2rG0 0 icosh2rI

 . (2.61)

The reason for this difference is simple: in the odd-mode case, there will be one unpaired mode
that will instead undergo single-mode squeezing.

When searching for connectivity graphs, it is often necessary to apply local Fourier transforms
(i.e. a π

2 phase shift) to some modes in order to “tease” out the proper nullifiers. This transformation
is defined as Qi→ Pi and Pi→−Qi, and is a trivial step in experiment since it is easily achieved
by changing the phase of the local oscillator used to measure the modes. When applying this
transformation to many modes simultaneously, a sympletic matrix Sπ/2 can be defined to describe
these local unitaries:

Sπ/2 =

(
Ic −It
It Ic

)
. (2.62)

Here, I = It + Ic, where It is the identity on the modes undergoing a π

2 phase shift and zero
everywhere else, and Ic has zeroes on the phase-shifted modes and identity every else (i.e. the
complement to It).

Focusing on the even-mode case, applying local unitaries Sπ/2 on the first half of the modes
results in:

Z′ =
(

isech2rI tanh2rG0
tanh2rG0 isech2rI

)
. (2.63)

In the limit of infinite squeezing, it is easy to see that Z′→ G. In this case, the G matrix and
the adjacency matrix are the same. As an example, Fig. 4 shows the graph of four and five modes
under the general squeezing Hamiltonian, Eq. 2.49.

13



Figure 4: The adjacency graphs of four modes (left) and five modes (right) subjected to squeezing.
The self-terminating edge on the five-mode graph represents single-mode squeezing.

3 Electro-Optical Modulator

3.1 Classical Theory
An Electro-Optical Modulator (EOM) is a device in electro-optics commonly used to transfer
energy from one frequency into another or more frequencies. An EOM operates on the Pockels
Effect, an electro-optic effect by which the index of refraction for a non-linear medium changes
when a voltage is applied across the medium. For light of wave number k entering a medium of
length d and index of refraction n, the phase of the light φ when exiting the material will be:

φ = kdn (3.1)

If n is dependent on an applied voltage, then the phase of the exiting light will have the same
dependence. Applying a sinusoidally varying voltage causes the output phase to also vary sinu-
soidally:

φ(t) = mcos(Ωt +θ) (3.2)

Here, θ represents the relative phase between the incoming light and the modulation voltage3.
Let θ =−π

2 . The output electric field can be formulated as:

E(x, t) = E0ei(ωt+φ) = E0ei(ωt+msinΩt). (3.3)

Here, m is called the modulation index, and is a measure of the strength of modulation. The
frequency Ω is the modulation frequency, and is simply the frequency of the applied voltage. The
modulation frequency is usually in the r.f. range, much slower than the frequency of the light ω .
For low-enough modulation frequency, the time scale for light to move through the medium is
much shorter than the time scale of the modulation, hence the output phase (and thus the modu-
lation depth) can be directly related to the time-of-flight through the medium using Eq. 3.1 and
d = c

n × t. Here, n is the (approximately) constant value of index of refraction at a given moment
in time. This point will come into play when considering the quantum mechanical picture of the
EOM.

This is an example of phase modulation (PM), or equivalently frequency modulation (FM). A
Fourier decomposition of Eq. 3.3 is easily obtained by applying the Jacobi-Anger expansion:

eimsinΩt =
∞

∑
n=−∞

Jn(m)einΩt . (3.4)

3This point will become important in the next section.
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Here, Jn(m) is the n-th order Bessel function of the first kind. Inserting the Jacobi-Anger
expansion into Eq. 3.3 results in:

E(x, t) = E0

∞

∑
n=−∞

Jn(m)ei(ω+nΩ)t . (3.5)

It is clear from Eq. 3.5 that the modulated wave now contains many frequencies (called side
band frequencies), each an integer number of the modulation frequency Ω away from the original
frequency ω (called the carrier frequency).

If the modulation index is small, then the higher-order Bessel functions can be ignored and this
expression reduces down to two first-order side bands:

E(x, t) = E0

(
J0(m)eiωt + J1(m)ei(ω+Ω)t− J1(m)ei(ω−Ω)

)
, (3.6)

≈ E0

(
eiωt +

m
2

ei(ω+Ω)t− m
2

ei(ω−Ω)
)

(3.7)

Note that the upper side band is in phase with the carrier (it has a positive amplitude), whereas
the lower side band is completely out of phase with the carrier (it has a negative amplitude). This
is a well-known characteristic of frequency modulation.

3.2 Quantum Theory
A quantum mechanical treatment of an EOM requires a Hamiltonian describing its action. Cap-
many and Fernandez [4] were the first to attempt this by defining what they deemed the scattering
operator Ŝ:

Ŝ = exp
{

i
(

χT̂N +χ
∗T̂ †N +φ N̂

)}
, (3.8)

T̂N =
∞

∑
n=−∞

â†
n+N ân. (3.9)

Here, χ = m
2 eiθ , where m is the modulation depth, θ represents the relative phase difference

between the incoming light and the modulation voltage (see Eq. 3.2), and N̂ is the photon number
operator. The φ N̂ term is simply free space propagation. The T̂ operator describes the annihilation
of a photon in the n-th mode and simultaneous creation of a photon in the (n+N)-th mode. In their
parlance, a photon is “scattered” from one mode into another.

Eq. 3.8 takes into account all frequency modes into which the carrier may transfer energy. The
focus of this paper, however, is to consider a small-scale example of single-side band modulation
only (i.e. small number of modes, small modulation depth). Therefore, a simpler Hamiltonian will
be employed for the remainder of paper:

Ĥ = âN

D−1

∑
n=1

ânâ†
n+N +H.c. (3.10)
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Figure 5: An example situation for the single side band EOM. Only three modes are considered,
centered around ω and modulated at Ω.

Here, n = 1 corresponds to the lowest mode considered, N is the modulation frequency, and D
is the total number of modes included in the model. The âN operator corresponds to the r.f. field
that is used in the EOM to create the frequency modulation. For simplicity it will be considered a
classical field, meaning these operators (and their conjugate parts) may be replaced by:

âN → αeiθ . (3.11)

Here, α and θ are the amplitude and phase of the r.f. light, respectively. Note the similarity
between this term and χ defined above. Here, θ is again taken as the relative phase difference
between the incoming light and the modulation voltage. In the interest of consistency with the
classical treatment of the EOM, θ =−π/2 again:

Ĥ = iα

(
−

D−1

∑
n=1

ânâ†
n+N +H.c.

)
. (3.12)

As an example, consider the situation of three input modes interacting with the EOM whose
spacing in frequency corresponds to the modulation frequency (see Fig. 5). The full Hamiltonian
may be expanded as:

Ĥ = iα
(
−â0â†

+− â−â†
0 + â†

0â++ â†
−â0

)
. (3.13)

The carrier (ω) is denoted by the zero subscript, while the upper and lower side bands (ω +Ω

and ω−Ω) are denoted by the plus and minus subscript, respectively.
Using the Heisenberg equation 2.24 and employing a rotating-wave approximation, a linear

time-independent differential equation may be found (Eq. 3.14 below). Here,~a(t) is a vector of all
annihilation operators (a1,a2,a3)

T within the Hilbert space of the example.
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~̇a(t) = αA~a(t) (3.14)

A =

0 −1 0
1 0 −1
0 1 0

 (3.15)

Before continuing, it is prudent to recognize the salient features of this matrix. First, it is a
Toeplitz matrix whose top row has a −1 element in the N-th column4, i.e. the column correspond-
ing to the modulation frequency. The first column is simply the negative transpose of the top row,
completely defining the rest of the matrix. Between modes separated by the modulation frequency,

the A matrix connects them through a sub-matrix of the form
(

0 −1
1 0

)
(see Fig. 6). This is similar

to what is found in the two-mode beam splitter case, and is the motivation behind investigating the
EOM in the creation of cluster states. Despite the similarity, the EOM unitary transformation is
not the same as a series of two-mode beam splitters, due to the fact that all modes are being mixed
simultaneously. More rigorously, it is easy to show that two-mode beam splitter Hamiltonians
don’t commute if they have a mode they share in common:

[
a†b+ab†,b†c+bc†

]
=
[
a†b,b†c

]
+
[
ab†,bc†

]
= a†c−ac†

6= 0

This means that if these two Hamiltonians Hab and Hbc sum to form the total Hamiltonian of
the system H = Hab +Hbc, the propagator cannot be separated:

S = exp{−i(Hab +Hbc)/h̄},
6= exp{−iHab/h̄}exp{−iHbc/h̄}

This is a consequence of the Baker-Campbell-Hausdorff lemma, which states that e(A+B) =
eAeB only if [A,B] = 0.

If N≥ (D/2) when considering an even number of modes or N≥ 2(D−1) for an odd number of
modes, then the EOM Hamiltonian Eq. 3.10 will not contain terms that have common modes, and
only in this case may be represented as a series of two-mode beam splitters (this also corresponds to
the case where each row/column in the A matrix of Eq. 3.14 contains only one non-zero element).

The solution of Eq. 3.14 is simple to write down analytically:

~a(t) = eαtA~a0 ≡M(κ)~a0. (3.16)

Here, κ = αt is a variable introduced to express the interaction strength of the EOM. This is
physically plausible, as both κ and modulation depth m (as discussed in Sec. 3.1) are directly
proportional to interaction time t.

4This is assuming that indexing starts at 0.
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Figure 6: Form of the two mode beam splitter appearing in the EOM Heisenberg picture evolution.
Dashed lines circle this submatrix spanning across one or several modes. The matrix on the left is
for the three mode case with modulation frequency N = 1. The matrix on the right shows the six
mode case, N = 2.

Finding this matrix M(κ) immediately produces the symplectic matrix S associated with the
EOM unitary transformation:

SEOM =

(
Re[M] i Im[M]
−i Im[M] Re[M]

)
. (3.17)

Unfortunately, solving for M(κ) is a non-trivial problem to tackle. As of writing this paper, the
author was unable to find analytic solutions to Eq. 3.16 in the case for general number of modes
and general modulation frequency. The exact solution has been found for up to eight modes with
the assistance of Mathematica, but as the number of modes grows, the elements of M(t) become
increasingly complicated. Thus, most of the simulations presented are numerical solutions for
M(κ), with κ chosen appropriately small.

To conclude this section, a connection between modulation depth m and interaction strength κ

can be established. This is especially useful in translating from theoretical findings in this paper
(strength of κ) to experimentally recreating these results (magnitude of m).

First, consider again the three mode case presented in Fig. 5. In this case, M(κ) can be found
to be:

M(κ) =


cos2 κ√

2
− sin

√
2κ√

2
sin2 κ√

2
sin
√

2κ√
2

cos
√

2κ − sin
√

2κ√
2

sin2 κ√
2

sin
√

2κ√
2

cos2 κ√
2

 . (3.18)

Next, take as an input a coherent state of magnitude γ for the center (carrier) frequency and
vacuum for the side bands. The output state of the EOM can be written as:
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|ψout〉=UEOM |0〉 |γ〉 |0〉

= e
−|γ|2

2

∞

∑
n=0

γn

n!
UEOMâ†

0
nU†

EOMUEOM |000〉

= e
−|γ|2

2

∞

∑
n=0

γn

n!

[
UEOMa†

0U†
EOM

]n
|000〉 .

In going from the second line to the third line, the simplification UEOM |000〉 = |000〉 was
used (acting an EOM unitary on vacuum results in vacuum, much like a beam splitter unitary on
vacuum). The term within the brackets is just a reverse Heisenberg transformation on the carrier-
mode creation operator, meaning Eq. 3.18 can be used to carrier out this transformation:

|ψout〉= e
−|γ|2

2

∞

∑
n=0

γn

n!

[
sin
√

2κ√
2

â†
++ cos

√
2κ â†

0−
sin
√

2κ√
2

â†
−

]n

|000〉

= e
−|γ|2

2 eγ

[
sin
√

2κ√
2

â†
++cos

√
2κ â†

0−
sin
√

2κ√
2

â†
−

]
|000〉

= e
−|−γ sin

√
2κ/
√

2|2
2 e

−γ sin
√

2κ√
2

â†
− |0〉− e

−|γ cos
√

2κ|2
2 eγ cos

√
2κ â†

0 |0〉0 e
−|γ sin

√
2κ/
√

2|2
2 e

γ sin
√

2κ√
2

â†
+ |0〉+

=

∣∣∣∣∣−sin
√

2κ√
2

γ

〉∣∣∣cos
√

2κγ

〉∣∣∣∣∣sin
√

2κ√
2

γ

〉
.

The expected zeroth and first order Bessel functions do not show up because the Hamiltonian
used here (Eq. 3.13) only includes single side bands, and thus is only valid in the small-modulation
limit. As a sanity check, though, one can note that the amplitudes of these displaced states γ± =

± sin
√

2κ√
2

and γ0 = cos
√

2κ follow conservation of energy |γ−|2 + |γ0|2 + |γ+|2 = |γ|2. Classically

this is only approximately satisfied, as J2
0 + J2

1 + J2
−1 ≈ 1 only in the limit of small modulation

depth.
Furthermore, if κ = m

2 , then both the quantum and classical amplitudes γ0,−,+(m) and J0,−1,1(m)
are equivalent up to second order expansion:

γ0 = 1− m2

4
+O(m)4,

J0(m) = 1− m2

4
+O(m)4,

γ± =±m
2
+O(m)3,

J±1(m) =±m
2
+O(m)3.

This agreement suggests that κ = m
2 , where m is the modulation depth of the EOM. This is

supported by the findings of Capmany and Fernandez, since the interaction strength χ in their
scatter operator (Eq. 3.8) also has magnitude m

2 .
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Further strengthening this connection is the form that the matrix M takes when the number of
modes considered is increased to larger quantities. As stated previously, it becomes cumbersome
to solve M(κ) analytically, but a numerical calculation is tractable. Consider eleven modes with
N = 1 and κ = 0.4. The resulting M looks like (showing only a submatrix):

M =



0.922 0.379 0.077 0.010 0.001 . . .
−0.379 0.845 0.369 0.076 0.010 . . .
0.077 −0.368 0.846 0.369 0.076 . . .
−0.010 0.076 −0.369 0.846 0.369 . . .
0.001 −0.010 0.076 −0.369 0.846 . . .

...
...

...
...

... . . .


(3.19)

One can see a pattern emerge around the diagonal. On the diagonal itself, a value of 0.846 is
repeated for elements away from the edges of the matrix. The adjacent off-diagonal approaches
a value of ±0.369 away from the matrix edges, and the next adjacent off-diagonal approaches a
constant value of 0.076. These correspond exactly to the values of the different orders of Bessel
functions at m = 2κ = 0.8:

J0(0.8) = 0.846
J±1(0.8) =±0.369
J±2(0.8) = 0.076

As the number of modes increases, the values within the unitary M approach the values of
Bessel functions at modulation depth 2κ . Analytic expression near the edges of this matrix are
likely cumbersome to calculate, but elements away from the matrix edge follow this rule.
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4 Connectivity Graphs using an EOM
In this section, resulting adjacency matrices are reported when applying the EOM unitary transfor-
mation to several different TMS states. This is accomplished by first taking the adjacency matrix of
a TMS state (Eq. 2.57) and applying the EOM symplectic transformation (Eq. 3.17) via a Möbius
transformation (Eq. 2.56). The Hamiltonian used follows 3.12.

First, consider three modes (D = 3) with the following G matrix:

G =

0 0 1
0 1 0
1 0 0

 . (4.1)

This corresponds to the vacuum side bands undergoing TMS, while the carrier mode (also
vacuum) undergoes single-mode squeezing.

After applying first-order side band EOM unitary with N = 1 and a Sπ/2 unitary on the left side
band, the following adjacency matrix Z was what resulted in the limit of infinite squeezing:

Z3 =

 0 −
√

2tan
√

2κ 1
−
√

2tan
√

2κ 0 0
1 0 0

 . (4.2)

This transformation may be summarized by the graphs in Fig. 7 below.

Figure 7: A single side band EOM unitary acting on a three mode state. Initial squeezing results
in the graph on left. Applying an EOM unitary (represented by the dashed lines) and a Sπ/2
transformation on the first mode results in the graph on the right.

A pattern can be noticed by increasing the number of modes considered in the model, while
keeping N = 1. Starting with adjacency matrices of the form Eq. 2.60 or 2.61 for even and
odd modes respectively, then applying an EOM unitary transformation followed by π/2 phase
shifts on the first half of all modes (not including the central mode for odd frequencies) results in
similar adjacency matrices in the limit of infinite squeezing. In the interest of space, the analytical
solutions are not included, but instead numerical solutions are used with κ = 0.4. This value was
chosen for the interaction strength because when the modulation depth is m = 2κ = 0.8, then
|J2(m)/J1(m)|2 = 0.05, i.e. the second order side band contains 5% of the power of the first order
side band. Eqs. 4.3 – 4.8 show the resulting adjacency matrix for D = 3–8.

ZD=3 =

 0 −0.90 1
−0.90 0 0

1 0 0

 (4.3)
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ZD=4 =


0 0 −0.55 0.80
0 0 0.19 0.55

−0.55 0.19 0 0
0.80 0.55 0 0

 (4.4)

ZD=5 =


0 0 0.34 −0.70 0.66
0 0 −0.80 0.66 0.80

0.34 −0.80 0 0 0
−0.70 0.66 0 0 0
0.66 0.80 0 0 0

 . (4.5)

ZD=6 =


0 0 0 0.25 −0.67 0.70
0 0 0 −0.48 0.52 0.67
0 0 0 0.20 0.48 0.25

0.25 −0.48 0.20 0 0 0
−0.67 0.52 0.48 0 0 0
0.70 0.67 0.25 0 0 0

 (4.6)

ZD=7 =



0 0 0 −0.09 0.28 −0.63 0.72
0 0 0 0.32 −0.63 0.40 0.63
0 0 0 −0.80 0.68 0.71 0.32

−0.09 0.32 −0.80 0 0 0 0
0.28 −0.63 0.68 0 0 0 0
−0.63 0.40 0.71 0 0 0 0
0.72 0.63 0.32 0 0 0 0


. (4.7)

ZD=8 =



0 0 0 0 −0.07 0.28 −0.64 0.71
0 0 0 0 0.23 −0.59 0.43 0.64
0 0 0 0 −0.48 0.53 0.59 0.28
0 0 0 0 0.20 0.48 0.23 0.07

−0.07 0.23 −0.48 0.20 0 0 0 0
0.28 −0.59 0.53 0.48 0 0 0 0
−0.64 0.43 0.59 0.23 0 0 0 0
0.71 0.64 0.28 0.07 0 0 0 0


(4.8)

One can see that as the number of modes considered is increased, the resulting adjacency matrix
is always bipartite and complete. This process is shown graphically for D = 5 in Fig. 8. Indeed,
this pattern has been confirmed for up to eleven modes.

After eleven modes, numerically computing the adjacency matrix became troublesome. The
main issue stems from the need to keep the squeezing parameter r general until the very end of
calculation, when it is then increased to infinity. Trying to do so at any point before this scales
some elements of the adjacency matrix to very large proportions, causing significant errors in
calculation. Thus, the need to keep r general as the adjacency matrix is manipulated puts strain
on the program used (in the author’s case, it is Mathematica) and produces seemingly unavoidable
errors. Better computational methods must be used in considering a larger number of modes.
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Figure 8: Applying an EOM unitary transformation to a five mode graph. The resulting graph is
complete and bipartite.

The major take-away from these calculations, though, is a proof-of-concept that the EOM can
produce interesting graph states from TMS. More specifically, this process results in a complete,
bipartite graph. It is reasonable to conjecture that this pattern continues when the number of modes
increases, meaning this scheme has the potential to scale to massive bipartite entanglement.

Another very interesting graph state results from changing the modulation frequency N. Sup-
pose that D = 7 and N = 2. The resulting adjacency matrix for this process is:

ZD=7,N=2 =



0 0 0 0 −0.55 0 0.80
0 0 0 −0.90 0 1
0 0 0 0 0.19 0 0.55
0 −0.90 0 0 0 0 0

−0.55 0 0.19 0 0 0 0
0 1 0 0 0 0 0

0.80 0 0.55 0 0 0 0


(4.9)

This process is shown graphically in Fig. 9. With N = 2, the EOM interaction takes place
between every two modes, effectively creating two “groups” of modes that mutually interact via
the EOM. Each group can be regarded as independent of the other, and thus the resulting adjacency
graph (Fig. 10) is of two different bipartite graphs; modes 1, 3, 5 and 7 produce a four-mode
adjacency graph whose weights are the same as Eq. 4.4, and modes 2, 4, and 6 produce a three-
mode adjacency graph whose weights are the same as Eq. 4.3.

This example shows that by adjusting the modulation frequency N, multiple connectivity graphs
may be generated simultaneously. One might be tempted to generalize this result by saying N is the
number of separate graphs that are generated simultaneously, but this is not the case. For example,
the process and resulting adjacency matrix of D = 10 and N = 3 are given by Fig. 11 and Eq. 4.10,
respectively. The associated adajacency graph, shown in Fig. 12, does not feature three bipartite
graphs, but two.

The reason for this is not hard to understand. In the previous example, both the action of TMS
and the EOM could be “separated” in to two groups of modes, indicated in Fig. 9 by two different
colors. Modes 1, 3, 5 and 7 underwent TMS and the EOM transformation indepedent of modes 2,
4 and 6, resulting in the two bipartite graphs as shown in Fig. 10.

In the case of N=10 and D=3 (Fig. 11), the “purple” EOM action mixes modes 1, 4, 7 and 10.
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Figure 9: Applying an EOM unitary transformation to a seven mode TMS graph, with N=2. Col-
ored lines represent the action of the EOM “mixing” together every other mode. The EOM allows
modes 1, 3, 5, and 7 to mutual interact together, as well as 2, 4 and 6, but does not allow these two
groups to interact.

Figure 10: The resulting adjacency graph of D=7, N=2. This process results in two different
bipartite graphs.

Because modes 1&10 and 4&7 are connected through TMS, this forms an independent four-mode
group and indeed, the adjacency weights of Eq. 4.10 between these modes are the same as Eq. 4.4.
The “green” EOM action mixes modes 2, 5 and 8, while the “blue” EOM action mixes 3, 6 and 9.
These modes do not form two independent sets due to the fact that modes 5 & 6, 3 & 8 and 2 & 9
are connected through TMS. Thus, they form one single set, a six-mode bipartite state.

ZD=10,N=3 =



0 0 0 0 0 0 −0.55 0 0 0.80
0 0 0 0 0 −0.90 0 0.43 0.60 0
0 0 0 0 0 −0.90 0 1.40 −0.40 0
0 0 0 0 0 0 0.19 0 0 0.55
0 0 0 0 0 1 0 −0.90 0.90 0
0 −0.90 −0.90 0 1 0 0 0 0 0

−0.55 0 0 0.19 0 0 0 0 0 0
0 0.43 1.40 0 −0.90 0 0 0 0 0
0 0.60 −0.40 0 0.90 0 0 0 0 0

0.80 0 0 0.55 0 0 0 0 0 0


(4.10)
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Figure 11: Applying an EOM unitary transformation to a ten mode TMS graph, with N=3.

Figure 12: The resulting adjacency graph of D=10, N=3.

5 Conclusion
In this paper, the quantum mechanical picture of the EOM was explored, providing an invaluable
connection between the Hamiltonian interaction strength and the modulation index. The action of
an EOM on a TMS state was shown to produce a complete, bipartite graph up to eleven modes.
Lastly, varying the modulation frequency was shown to produce different bipartite graphs simulta-
neously.

While this is a start, there is much left to future investigation. This includes but is not lim-
ited to: considering more than eleven modes using better methods of matrix manipulation to show
massive bipartite entanglement; determining the relationship between the number of modes con-
sidered in the model and a reasonable upper limit of EOM interaction strength κ , similar to setting
κ = 0.4 in Sec. 4; exploring how the elements of the EOM symplectic transformation converge
to corresponding Bessel function values as the number of modes is increased; finding a general
relationship between the number of modes considered, the modulation frequency and the resulting
connectivity graphs; the possibility of using multiple EOM transformations to “stitch” together
different connectivity graphs and form cluster state for quantum computing. The EOM is thus a
promising avenue of future exploration, both in terms of theoretical import and relative ease of
experimental implementation.
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A Construction of the Dual-Rail Cluster State
While investigating the construction of cluster states using an EOM, a point of confusion was
found that was ultimately resolved by correcting a paper released by the QFQI group detailing the
theoretical construction of their dual-rail cluster state [5]. This point highlights how confusing the
Heisenberg picture can be, and hopefully will be resolved going forward.

A.1 Ordering of Symplectic Matrices in the Heisenberg Picture
In the Heisenberg picture, time evolution unitaries are applied to the operators like so:

A′ := A(t) =U†AU,

A := A(0)

If that unitary describes a Gaussian operation, then the action it has on transforming the opera-
tor may be written in the form of a symplectic matrix S:

A′i = Si jA j. (A.1)

Here, the subscripts on the operator A denote components of a vector of operators, usually
either of the annihilation/creation operators or amplitude/phase operators. An example would be
Eq. 2.30.

Suppose that experimentally there are two processes acting on a state: first U (1) then U (2). In
the Schrödinger picture, unitaries are active transformations and the output state would simply be:

|ψout〉=U (2)U (1) |ψin〉 .
In the Heisenberg picture, unitaries are passive transformations, meaning unitaries are applied

“in reverse” so that the unitary U (2) is first used to transform A, followed by U (1):

A′ =U (1)†U (2)†AU (2)U (1). (A.2)

Suppose that each unitary U (i) was Gaussian and could be described by a symplectic matrix
M(i). The operator of Eq. A.2 would transform as follows:

A′j =U (1)†M(2)
jk AkU (1)

= M(2)
jk

(
U (1)†AkU (1)

)
= M(2)

jk M(1)
kl Al.

In going from the first to second line, the unitary U (1) acts on each individual operator Ak

since the elements M(2)
jk are just scalars. Looking at the final line, it can be seen that although the

unitaries are applied in reverse order, the symplectic matrices still apply in the Schrödinger picture
order. This result may be surprising, but nonetheless should be kept in mind when working with
the Heisenberg picture.
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A.2 Application to the Dual-Rail Cluster State
When constructing the dual-rail cluster state, Chen first lists the nullifiers created from TMS:

Q( j)
p j−n,n(r j) =

[
Q( j)

n −Q( j)
p j−n

]
e−r j . (A.3)

Here, j denotes polarization (either z or y), p j is the pump frequency for the j-th polarization,
r j is the squeezing parameter, and n = 0,1,2 . . . labels all modes centered around the pump p j that
undergo TMS.

Next, a balanced two-mode beam splitter is applied, so that Qz→ Qz +Qy and Qy→ Qz−Qy

(ignoring constant factors). The nullifiers associated with this state are then:

Q(z)
pz−n,n(rz) =

[(
Q(z)

n +Q(y)
n

)
−
(

Q(z)
pz−n +Q(y)

pz−n

)]
e−rz, (A.4)

P(z)
pz−n,n(rz) =

[(
P(z)

n +P(y)
n

)
+
(

P(z)
pz−n +P(y)

pz−n

)]
e−rz, (A.5)

Q(y)
py−n,n(ry) =

[(
Q(z)

n −Q(y)
n

)
−
(

Q(z)
pz−n−Q(y)

pz−n

)]
e−ry , (A.6)

Pyz)
py−n,n(ry) =

[(
P(z)

n −P(y)
n

)
+
(

P(z)
py−n−P(y)

py−n

)]
e−ry. (A.7)

In the limit of infinite squeezing, Chen claims these operators become the nullifiers of the
cluster state created. The issue, although not obvious, is that in doing the steps above, the unitaries
are applied in reverse than that of experiment! For example, reducing A.4 back down to just the
input operator and the unitaries:

Q(z)
pz−n,n(rz) =

[(
Q(z)

n +Q(y)
n

)
−
(

Q(z)
pz−n +Q(y)

pz−n

)]
e−rz

=U†
BS

[
Q(z)−Q(z)

pz−n

]
e−rzUBS

=U†
BSU†

T MSQ(z)
n UT MSUBS.

The unitaries are applied as if the quantum light is sent through the frequency beam splitter
first, and then TMS – which is opposite that of experiment. This confusion is most likely due to
the fact that the symplectic matrices were applied in the wrong order, i.e. when constructing the
nullifiers, the beam splitter symplectic matrix was applied first, followed by the TMS symplectic.
Working in the Heisenberg picture, this is the incorrect ordering.

The correct way to construct the cluster state involves taking a linear combination of the output
modes, (

Q′(z)n +Q′(y)n

)
−
(

Q′(z)pz−n +Q′(y)pz−n

)
, (A.8)

and then showing that this linear combination goes to zero in the limit of infinite squeezing. Taking
out correctly-ordered unitaries, Eq.A.8 is equivalent to:

U†
T MSU†

BS

[(
Q(z)

n +Q(y)
n

)
−
(

Q(z)
pz−n +Q(y)

pz−n

)]
UBSUT MS.
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Applying the beam splitter unitary transforms Qz → Qz + Qy and Qy → Qz −Qy, or more
succinctly Qz +Qy→ Qz (upto a constant factor):

U†
T MS

[
Q(z)

n −Q(z)
pz−n

]
UT MS.

.
And finally, applying the TMS unitary results in (see Eq. 2.45):[

Q(z)
n −Q(z)

pz−n

]
e−rz. (A.9)

Eq. A.9 does go to zero in the limit of infinite squeezing, so that Eq. A.8 is the correct nullifier
for the dual rail cluster state.
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B Mathematica Code

(*dim = number of modes considered*)

(*modFSR = modulation frequency, in units of FSR*)

dim = 8;

modFSR = 1;

(*First, construct A matrix*)

A1 = DiagonalMatrixConstantArray1, dim - modFSR, -1 * modFSR;

A2 = DiagonalMatrix-1 * ConstantArray1, dim - modFSR, modFSR;

A1 // MatrixForm;

A2 // MatrixForm;

A = A1 + A2;

A // MatrixForm

(*Next, find symplectic M for EOM*)

M = Chop[FullSimplify[MatrixExp[N[A * 0.4`50]]]]; (*Solves time-depedent M matrix*)

M // MatrixForm

(*Find the TMS adjacency matrix*)

G = ConstantArray[0, {dim, dim}];

For[i = 1, i ≤ dim, i++, G[[i, dim - i + 1]] = 1];

G // MatrixForm

Z = FullSimplify[ⅈ * MatrixExp[-2 * r * G]];

Z // MatrixForm

(*Apply EOM symplectic to A via Mobius transformation*)

(*Because M is real in this case, Mobius trans simplifies*)

Zp = FullSimplify[M.Z.Inverse[M]];

Zp // MatrixForm

(*Construct submatrices of pi2 symplectic*)

(*This is a pi2 phase shift on the first half of modes*)

Sa = ConstantArray[0, {dim, dim}];

Fori = Quotient[dim, 2] + 1, i ≤ dim, i++, Sa[[i, i]] = 1;

Sb = ConstantArray[0, {dim, dim}];

For[i = 1, i ≤ Quotient[dim, 2], i++, Sb[[i, i]] = -1];

Sc = -1 * Sb;

Sd = Sa;

(*Apply pi2 phase shift to adjacency matrix via Mobius rule*)

Zpp = ChopFullSimplifySd.Zp + Sc.InverseSb.Zp + Sa;

Zpp // MatrixForm

(*Take limit of r→inf*)

Limit[Zpp, r → ∞] // MatrixForm

Printed by Wolfram Mathematica Student Edition
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